Abstract. In this article, we enumerate all Shimura curves X D 0 (N) of genus at most two.
In this article, we consider Shimura curves of small genus. In this vein, Long, Machlachlan, and Reid have proven the following theorem.
Theorem (Long-Maclachlan-Reid [12] ). There are only finitely many congruence arithmetic Fuchsian groups Γ of bounded genus, up to conjugacy.
Already proving this statement in the simplest case-that there are only finitely many congruence subgroups of PSL 2 (Z) of genus 0-is a nontrivial result of Thompson [23] (see also Chua-Lang-Yang [2] ). The proof of Long et al. combines lower and upper bounds due to Selberg and Zograf, respectively, for the first nonzero eigenvalue of the Laplacian of Γ (see §1 for precise statements), and thereby bounds the coarea of Γ in terms of the genus.
The restriction to congruence subgroups is necessary: indeed, by the theory of Belyi covers, every curve of genus ≥ 2 defined over a number field is already uniformized by some subgroup of PSL 2 (Z), since PSL 2 (Z) contains Γ(2), a free group on two generators. By comparison, however, Takeuchi [22] has proven that there are only finitely many arithmetic Fuchsian groups with any fixed signature, and for certain simple signatures all such groups have been identified (see e.g. Machlachlan-Rosenberger [14] ).
Long et al. [12] enumerate all maximal congruence arithmetic Fuchsian groups of genus zero with F = Q and produce a partial list of other such groups with 2 ≤ [F : Q] ≤ 7-however, they do not provide a complete list for any genus g. Other partial lists have also been computed: Alsina-Bayer [1] list the invariants for Shimura curves corresponding to "small ramified cases" in the case F = Q; and Johansson [10] has enumerated all Shimura curves of genus g ≤ 2 with either (1) F = Q or (2) [F : Q] = 2 and N = Z F . As evidenced by these tables, it is reasonable to expect that the complete list of congruence arithmetic Fuchsian groups of even genus g = 0 will be quite long.
In this article, we consider the problem from the perspective of arithmetic geometry, and enumerating all groups Γ The complete list of these curves is provided in Tables 4.1-4.7 in Section 4. If one fixes a unique field in each isomorphism class but applies no equivalence, then there are 1361 such curves.
The layout of the paper is as follows. In §1, we apply the result of Selberg-Zograf to bound the hyperbolic area of a Shimura curve X = X D 0 (N) of genus at most two; we then use the Odlyzko bounds to bound the root discriminant δ F and thereby the degree n = [F : Q] of the totally real field F in the data specifying X. In §2, we discuss computational aspects of embedding numbers of orders in quaternion orders, quantities which appear in the genus formula for X. Then in §3, for each possible field F , we enumerate the possibilities for the discriminant D and level N, thereby enumerating all Shimura curves X D 0 (N) of genus zero. Finally, in §4 we tabulate the curves.
The author wishes to thank Peter Clark and Victor Rotger for their encouragement in writing up this result, the Magma group at the University of Sydney for their hospitality, and Stéphane Louboutin for useful discussions.
Notation and background
In this section, we introduce the basic notions and background used throughout; basic references are given by Vignéras [24] , Katok [11] , and Elkies [8] .
Let Q be an algebraic closure of Q. Let F ⊂ Q be a totally real field of degree [F : Q] = n and let d F and δ F = d 1/n F denote the discriminant and root discriminant of F , respectively. Let B be a quaternion algebra over F , a central simple F -algebra of dimension 4. There is a unique (anti-)involution : B → B such that the reduced norm nrd(γ) = γγ ∈ F for all γ ∈ B. The algebra B is split or ramified at a place v of F according as B ⊗ F F v ∼ = M 2 (F v ) or not, where F v denotes the completion of F at v. Let S the set of places v of F where B is ramified. Then by class field theory, S is a finite set of even cardinality, and determines B uniquely up to F -algebra isomorphism. Let D = p∤∞, p∈S p denote the discriminant of B. Suppose that B is split at a unique real place, corresponding to ι ∞ : B ֒→ B ⊗ F R ∼ = M 2 (R).
Let Z F be the ring of integers of F . An order of B is a full Z F -submodule of B which is also a subring; an order is maximal if it is not properly contained in any other. Let O ⊂ B be a maximal order. Let N ⊂ Z F be an ideal coprime to the discriminant D. Choose an embedding
where Z F,N denotes the completion of Z F at N. 
\H is a Shimura curve and can be given the structure of a Riemann surface in a way which, up to isomorphism, does not depend on the choice of O, ι ∞ , or ι N .
We have the formula of Shimizu [20, Appendix] :
where ζ F (s) denotes the Dedekind zeta function of F , and
,
here the hyperbolic area µ(D) = 1 2π D dx dy y 2 is normalized so that an ideal triangle has area 1/2. The genus g of X is determined by the Riemann-Hurwitz formula
where e q is the number of elliptic cycles of order q ∈ Z ≥2 and e ∞ the number of parabolic cycles in Γ. We accordingly say Γ has signature (g; m 1 , . . . , m t ; s) if Γ has t elliptic cycles of orders m 1 , . . . , m t and s parabolic cycles, and within a signature we abbreviate
corresponding to the classical case of modular curves; accordingly, if s = 0 we write simply (g; m 1 , . . . , m t ).
We now state the Selberg-Zograf bound, following Long-Maclachlan-Reid [12] . A Fuchsian group Γ is congruence if Γ ⊃ Γ D (N) for some N and choice of O. Let Γ be a congruence arithmetic Fuchsian group of genus g and area A, and let λ 1 (Γ) denote the first nonzero eigenvalue of the Laplacian of Γ. Selberg [19] proved that the lower bound
holds when Γ is a congruence subgroup of SL 2 (Z); Vigneras [25] , relying upon work of Jacquet-Langlands [9] , then showed how to generalize this result for all congruence arithmetic Fuchsian groups (see also [17] ). On the other hand, Zograf [28] proved that
. From these, it follows that there are only finitely many congruence arithmetic Fuchsian groups of bounded genus, since there are only finitely many such groups of bounded area.
In particular, putting these together, we obtain the following bound. From this lemma and (1) it then follows that
and from the trivial bound ζ F (2)Φ(D)Ψ(N) ≥ 1 we conclude Table 1 .2, for each degree 2 ≤ n ≤ 10, we list the Selberg-Zograf bound (4), the unconditional Odlyzko bound, and the GRH-conditional Odlyzko bound (for comparison only).
Let N F (n) denote the number of fields F of degree n which satisfy the SelbergZograf bound with g = 2. Voight [26] has enumerated all totally real fields F of degree n with δ F ≤ ∆(n). From this list of fields, we find that # n N F (n) = 3409. In Table 1 .3, for each degree n we specify the number #N F (n) and the smallest and largest discriminant d F for F ∈ N F (n). Note that N F (10) = ∅; indeed, it is conjectured [26] that the minimal totally real dectic field has root discriminant δ F ≈ 14.613, well above the Selberg-Zograf bound. 
Embedding numbers
From the Riemann-Hurwitz formula (2), we see that the genus g is determined by the area A and the number of elliptic cycles e q (and parabolic cycles e ∞ in the case of modular curves). The numbers e q , in turn, are determined by embedding numbers of commutative orders into the quaternion order O. In this section, we bound the number of elliptic cycles e q for Γ D 0 (N) in terms of class numbers. The results stated within can be found in Vigneras [24, pp. 94-98] and Schneider [18, §3] . We continue the notation introduced in §1; we abbreviate O = O 0 (N) for an Eichler order of level N. Let q ∈ Z ≥2 . Suppose that e q > 0, so that O * 1 has a finite subgroup of order 2q. Then, in particular, the field K q = F (ζ 2q ) embeds in the quaternion algebra B, where ζ 2q is a primitive 2qth root of unity. Such an embedding K q ֒→ B exists if and only if [K q : F ] = 2 and no prime
is a finite subgroup of order 2q, then in fact we have an embedding R = F (γ) ∩ O ֒→ O; such an embedding R ֒→ O with RF ∩ O = R is said to be an optimal embedding. Conversely, to every optimal embedding ι : R ֒→ O, where R is a quadratic Z F -order having exactly 2q roots of unity w(R) = 2q, we associate the finite subgroup ι(R) * tors ⊂ O * 1 . Thus there is a bijection {Elliptic cycles of Γ of order 2q} {O For a quadratic Z F -order R, we denote e(R, O) = #{O * 1 -conjugacy classes of optimal embeddings ι : R ֒→ O}. We study the number e(R, O) by considering the corresponding collection of local embeddings. For a prime p of Z F , denote by R p and O p denote the localizations of R and O at p, and let
Let h(R), h(F ) denote the class number of R and Z F , respectively. We then have the following formula.
Lemma 2.1. We have
where Proof. A quaternion algebra B of discriminant D is uniquely defined up to the choice of the unique (real) infinite split place; in particular, we may assume F = Q. We then note that the formula for the number of elliptic cycles in Lemma 2.1 is independent of this choice, as is area by the formula (1) and hence also the genus.
It is well-known that the quantities in Lemma 2.1 are computable. For example, we have
where f denotes the conductor of R in Z Kq and
There are methods to compute the relative class number h(K q )/h(F ) numerically due to Louboutin [13] ; however, since we also need to compute the unit indices Q(R) for suborders R ⊂ Z Kq , and general methods for computing Z * Kq compute the class group h(K q ) simultaneously [3] , absent a strategy to recover these unit indices we rely upon these standard methods. In any case, the relative class numbers and unit indices need only be computed once for the field F .
We now give a formula for the number of local embeddings m(R p , O p ). First we introduce some notation.
p − 4n p , and let k(p) denote the residue class field of p.
With the preceding definitions, we have the following proposition.
(c) Suppose p | N, let e = ord p (N), and let
Otherwise,
.
For odd primes, we can make part (c) of the above proposition explicit.
Lemma 2.5. If p is an odd prime, and e = ord p (N) ≥ 1 and f = ord p (f), then:
•
if e ≥ 4 is even.
Proof. The lemma follows from a case-by-case analysis of Proposition 2.3(c), and the details are left to the reader.
For even primes p, the calculation of the local embedding number is quite subtle and as such is not conducive to a compact formula; nevertheless, the representation as in Proposition 2.3(c) shows that m(R p , O p ) is effectively computable. Remark 2.6. We can improve upon the obvious method of calculating m(R p , O p ) by calculating E(r) as follows. The map R/2R → R/2R given by
Enumerating Shimura curves
In this section, we show how to enumerate the set SC(F, g) of all Shimura curves of genus at most g over a totally real field F . For simplicity, we exclude throughout the subset of modular curves, having F = Q and D = (1): methods for their enumeration are well-known.
We define the primitive area by
From Riemann-Hurwitz (2), we see that A prim ∈ Q has denominator bounded by the least common multiple of all q such that [F (ζ 2q ) : F ] = 2 (which in particular requires that F contains the totally real subfield Q(ζ 2q ) + of Q(ζ 2q )). Therefore, A prim can be computed from the usual Dirichlet series or Euler product expansion for ζ F (2) with the required precision; see Dokchitser [7] .
Already from the bound (3), we obtain
Hence to enumerate the set SC(F, g), it suffices to list the finitely many possibilities for D and then N satisfying the bound (5), and for each pair to test if g(
Although effective, this naïve approach is needlessly inefficient, and we improve on it as follows. Let D ⊂ Z F be a discriminant. We denote A(D) = area(X D 0 (1)) which by formula (1) is given by
Similarly, we denote the number of elliptic cycles of order q in Γ D 0 (1) by e q (D), which by Corollary 2.4 is given by
. 
where τ (a) denotes the number of prime divisors of an ideal a ⊂ Z F ; equality holds in (9) if additionally
By Riemann-Hurwitz, we have
which becomes after simplification
For any prime p with N (p) > 2 we have trivially Φ(p) ≥ 2. Hence if D/d is a product of primes with norm > 2 we have from (10) that
and hence g(D) ≥ g(d).
Remark 3.1. This statement is sharp in the sense that one cannot remove the norm two condition. For example, consider the unique cubic field F ⊂ Q(ζ 13 ), i.e., the totally real cubic abelian field of discriminant 961 = 13 2 . Then 2 splits completely in F . We compute that X 
Now let
We begin then by computing the set D, which is effectively computable. We initialize S = ∅. Remark 3.2. One can further improve on this method when the bound (6) is large as follows. The set D consists of discriminants of the form D = pa where a is a squarefree product of ideals of norm 2 and p is either a prime ideal or equal to Z F . There are as such only finitely many possibilities for a. For each such we characterize the possibilities for p as follows: by (8) 
If p is such that σ q = 1 − (K q /p) ∈ {0, 2} then
Let Q = {q : e q (a) > 0}. Then for each (σ q ) ∈ {0, 2} Q , we can substitute into equation (12) with g(D) ≤ g and then solve for Φ(p) (and hence p). In particular, the right-hand side of (12) must be an integer of the form N p + 1, and the corresponding prime p must have the specified values of the Artin symbol. This idea cuts down dramatically on the number of discriminants that must be tested to compute D when the bound (6) is large.
Tables of Shimura curves of genus at most two
In the following tables, for each Shimura curve X . This way of recording curves is compact but ambiguous; nevertheless, in all but a handful of cases, the field F is determined by its discriminant, and for any choice of squarefree D (including the choice of ramified infinite places) and coprime N, the curve X D 0 (N) has the given signature. For the handful of exceptions, we refer to the complete tables which are available online [27] . Finally, it would be interesting to obtain equations for these curves. For genus 0, one could list the conic (or equivalently, the set of ramified places of the associated quaternion algebra); for genus 1, one could give a Weierstrass equation for the Jacobian of the curve; and for a genus 2 curve, one could give a hyperelliptic equation for the curve (over the algebraic closure if the curve is only geometrically hyperelliptic).
